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Loss factorAbstract A mathematic model is proposed for predicting the dynamic properties of ﬁber
reinforced plastic composites (FRP) with interphase. Dynamic properties mainly include loss
factors and elastic moduli. The results of elastic moduli from the present model are compared with
other models. Elastic moduli E11, E22, G12, G23 and loss factors g11, g22, g12 and g23 of FRP are
calculated and a study of the effect of elastic modulus EI and loss factor gI of interphase on dynamic
properties in FRP is carried out here. In this paper, E11 linearly increases with E
I, but the growth
rate is slow. E22, G12, G23 increase rapidly for lower value of E
I. The longitudinal loss factor g11
decreases with the increase of EI in the case of gI < 0.0026. But g11 linearly increases with E
I in
larger range of gI, gIP 0.0026. On the contrary, transverse loss factor g22, transverse shear loss
factors g23 and longitudinal shear loss factors g12 increase with increase of E
I in the case of lower
value of gI, but decreases at larger value of gI. And they also show insensitivity to E
I at higher value.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The use of ﬁber reinforced composites has become wide spread
recently because of their high stiffness, high damping and low
density.1,2The excellent damping in polymer composite plays a signif-
icant role in reducing the noise and vibration in mechanical
and structural systems and in prolonging its service life under
cyclic loading or impact. Previously, the ﬁber–matrix bonding
conditions were assumed perfect in studying the mechanical
properties of FRP. However, the inﬂuence of interface region
between ﬁber and matrix, generally named as the interphase,
on the evaluation of dynamic properties in composites is very
important.3,4 Thus, it is necessary to develop a three-phase
model to study the effect of interphase. Some researchers have
found that the geometric and material discontinuities between
matrix and ﬁber lead to the complex stress state in the interface
region. In some polymer materials, the interphase is generated
between the ﬁber and matrix during manufacturing process
when some of the hardener molecules from the matrix diffuse
Fig. 1 Concentric cylinder model for representative volume
element (RVE).
940 W. Qi, X. Xuinto the ﬁber.5 In many ceramic polymer composites, the third
phase is developed by chemical interactions during increased
temperature circulation of the processing.6
The inﬂuence of stiffness and volume fraction of interphase
on effective material properties of uni-directional ﬁber com-
posites and randomly distributed spherical particle composites
has been studied by Kari et al.7 By the use of the periodic
boundary condition, Xu et al.8 proposed a three-phase RVE
model for researching the inﬂuences of interphase on the effec-
tive elastic moduli of FRP. The results show that the longitu-
dinal modulus E11 is insensitive to interphase volume fraction,
while the transverse normal and shear modulus E22, G23
increase with the increase of volume fraction of interphase,
and when the value of ﬁber volume fraction is high, this inﬂu-
ence is more signiﬁcant. Based on the transfer matrix
approach, Huang and Rokhlin9 developed a self-consistent
method for exploring the inﬂuence of inhomogeneous inter-
phase on the transverse shear modulus G23 of composites with
interphase. However, these methods just study the effect of
interphase on the elastic moduli of FRP, but the loss factors
of composite are not considered.
The variation of the damping of composite closely relates
to the condition of interphase which includes perfect bond-
ing, and local de-bonding. Thus, Kubat et al. and Ziegel
et al.10,11 presented two parameters A and B; the condition
of poor bonding is deﬁned as parameter A (the ratio of
damped interphase and damped matrix), whereas parameter
B represents a high-quality interfacial adhesion. According
to the characteristics of the high shear strain in the region
between ﬁber and matrix, Finegan and Gibson12,13 put a
highly damped material (coating) in this region to improve
damping and then reported on the effect of the volume frac-
tions of ﬁber coatings on the damping of polymers. By using
the energy balance method, the two-phase and three-phase
ﬁber reinforced composite models were proposed by
Vantomme14, which showed that poor adhesion between ﬁber
and matrix lead to low interface stiffness which has an impor-
tant effect on the damping of composites. However, on a nor-
mal quality interface, more precise damping calculation
means are required to identify the inﬂuence of interphase
damping on the overall damping in FRP. A 2-D and 3-D
ﬁnite element model of the three-phase composite system pre-
sented by Chandra et al.15 was applied to measuring global
damping coefﬁcient of FRP. And the inﬂuence of interphase
loss factor gI in the range of 0.002–0.500 on the loss factors
of ﬁber composites with interphase has been researched.
Kumar et al.16 developed a three-phase bridging model for
predicting the elastic moduli of ﬁber reinforced composite
with interphase. The results of this model indicate that the
physical and geometrical properties of interphase have a sig-
niﬁcant inﬂuence on loss factors in FRP. However, the results
of this model are less accurate when the ﬁber is transverse
isotropic material.
No previous work has been reported on the inﬂuence of
modulus and loss factor of interphase on the dynamic
properties in ﬁber reinforced composites with interphase.
Based on the bridging model in Ref.17, an improved analytical
three-phase model is proposed for researching the effect
of mechanical properties of interphase on loss factors and
elastic moduli of FRP. This method not only reduces the
computation burden, but also extends the application range.2. Improvement of bridging model (IBM)
The representative volume element (RVE) for the unidirec-
tional ﬁber reinforced composite with interphase is shown in
Fig. 116 by a set of three concentric cylinders, which consists
of ﬁber of radius rf bounded by an interface region of outer
radius rI embedded into matrix of outer radius rm. In addition,
the elastic deformation and perfect ﬁber-interphase-matrix
bonding condition are assumed.
The volume of RVE V0 is represented in Fig. 1. The
volumes of ﬁber, interphase and matrix in the RVE are V0f,
V0I, V
0
m, respectively.
The three-phase model could be converted into two two-
phase models. In this way can it greatly simpliﬁes the process
of calculation. Firstly, homogenize ﬁber and interphase to get
the equivalent material. And then by homogenizing the matrix
and the ﬁber-interphase equivalent material the three-phase
equivalent model can be given. The process of the three-phase
model is presented in Fig. 2.
The equivalent of volume averaged stress ri of the compos-
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where:
rfi ¼ 1V0
f
R
V0
f
ridV; rIi ¼ 1V0
I
R
V0
I
ridV
rmi ¼ 1V0m
R
V0m
ridV
VfI ¼ V0fI=V0; Vm ¼ V0m=V0
Vf ¼ V0f=V0fI; VI ¼ V0I=V0fI
8>><
>>:
In the same way, the equivalent of volume averaged strain
could be derived as
ei ¼ VfIefIi þ Vmemi
efIi ¼ Vfefi þ VIeIi
(
ð2Þ
As we are only concerned with volume averaged stresses and
strains, in further discussion, they will be represented without
Fig. 2 Simpliﬁed process of three-phase bridging model.
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and strains in RVE are correlated by Eqs. (3) and (4):
drif g ¼ VfI drfIi
 þ Vm drmi 
drfIi
  ¼ Vf drfi þ VI drIi 
(
ð3Þ
deif g ¼ VfI defIi
 þ Vm demi 
defIi
  ¼ VI deIi þ VI deIi 
(
ð4Þ
In Ref.17, the relations between the stresses in matrix and
ﬁber are built by bridging matrix. Similarly, the stresses in
interphase and ﬁber and in matrix and equivalent ﬁber-
interphase material are given by
drmi
  ¼ Amijh i drfIjn o
drIi
  ¼ AIijh i drfjn o
8><
>: ð5Þ
where fdrig ¼ fdr11; dr22; dr33; dr13; dr12; dr23g is the incre-
mental stress tensor and [Aij] the bridging matrix. The f, I, fI
and m refer to the ﬁber, interphase, ﬁber-interphase equivalent
material and matrix material, respectively. Based on the
Ref.17, the ﬂexibility matrix of transverse isotropic material
is given by
½Sij ¼ VfI SfIij
h i
þ Vm Smij
h i
Amij
h ih i
VfI½I þ Vm Amij
h i 1
SfIij
h i
¼ Vf Sfij
h i
þ VI SIij
h i
AIij
h ih i
Vf½I þ VI AIij
h i 1
8><
>:
ð6Þ
where [I ] is identity matrix.
In Eq. (6), only bridging matrix is unknown and the others
are known. Calculating the element in bridging matrix is the
most important work in bridging model. There are only ﬁve
independent elastic moduli for transverse isotropic material,
thus only ﬁve independent elements in the bridging matrix
are needed. The form of bridging matrix is
½Aij ¼
a11 a12 a13 0 0 0
a21 a22 a23 0 0 0
a31 a32 a33 0 0 0
0 0 0 a44 0 0
0 0 0 0 a55 0
0 0 0 0 0 a66
2
66666666666664
3
77777777777775
ð7Þ
where a11, a22, a12, a23, a55 are chosen to be independent
variable.The form of bridging matrix of ﬁber and interphase is
½AIij ¼
aI11 a
I
12 a
I
13 0 0 0
aI21 a
I
22 a
I
23 0 0 0
aI13 a
I
23 a
I
33 0 0 0
0 0 0 aI44 0 0
0 0 0 0 aI55 0
0 0 0 0 0 aI66
2
66666666664
3
77777777775
ð8Þ
The bridging matrix of equivalent ﬁber-interphase and matrix
is given by
½Amij  ¼
am11 a
m
12 a
m
13 0 0 0
am21 a
m
22 a
m
23 0 0 0
am13 a
m
23 a
m
33 0 0 0
0 0 0 am44 0 0
0 0 0 0 am55 0
0 0 0 0 0 am66
2
666666664
3
777777775
ð9Þ
Before calculating these variables, the inﬂuencing parame-
ters on the element of bridging matrix should be determined.
It is evident that the inﬂuencing parameters fall into two cate-
gories: one is the material parameters, which is related to the
mechanical properties of components in FRP; the other is geo-
metrical parameters that include volume fractions of each
component, ﬁber arrangement and the ﬁber cross-sectional
shapes, etc. Hence, the general forms of the independent ele-
ments are expressed as the power series of the material proper-
ties. Due to axisymmetry of concentric cylinders, the ﬁve
independent elements are given by
aI11 ¼ EI11=Ef11
am11 ¼ Em11=EfI11
aI13 ¼ aI12 ¼
Sf
12
SI
12ð Þ aI11aI22ð Þ
Sf
11
SI
11ð Þ
am13 ¼ am12 ¼
SfI
12
Sm
12ð Þ am11am22ð Þ
SfI
11
Sm
11ð Þ
aI33 ¼ aI22 ¼ bþ ð1þ bÞEI22=Ef22
am33 ¼ am22 ¼ bþ ð1 bÞEm22=EfI22
aI66 ¼ aI55 ¼ aþ ð1 aÞGI12=Gf12
am66 ¼ am55 ¼ aþ ð1 aÞGm12=GfI12
aI23 ¼ aI32 ¼ aI21 ¼ aI31 ¼ 0
am23 ¼ am32 ¼ am21 ¼ am31 ¼ 0
8>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
ð10Þ
where a, b are denoted as the longitudinal and transverse
bridging factors.
Substituting AIij
h i
into Eq. (6), we get the elastic modulus of
equivalent ﬁber-interphase EfI11, E
fI
22, m
fI
12; G
fI
12 and G
fI
23 as:
Table 1 Constituent material properties for IBM (isotropic
materials).
Property Ea
(GPa)
va G
(GPa)
Volume
fraction
SiC (ﬁber) 431.0 0.253 172.0 0.4
Carbon (coating) 34.48 0.202 14.34 0.0107
Titanium aluminate
(matrix)
96.5 0.294 37.1 0.5893
Table 2 Constituent material properties for IBM (trans-
versely isotropic ﬁber).
Property Ea
(GPa)
Et
(GPa)
va vt Ga
(GPa)
Volume
fraction
Graphite
(ﬁber)
345.0 9.66 0.2 0.3 2.07 0.4
Carbon
(coating)
34.48 34.48 0.202 0.202 14.34 0.2
Epoxy
(matrix)
3.45 3.45 0.35 0.35 1.278 0.4
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EfI22 ¼ ab
GfI23 ¼ cd
GfI12 ¼ ðVfþVIa
I
55
Þ
VfG
f
12
þVIaI55GI12
mfI12 ¼ Vfmf12 þ VImI12
8>>>><
>>>>:
ð11Þ
where:
a ¼ Vf þ VIaI11
 
Vf þ VIaI22
 
b ¼ Vf þ VIaI11
 
VfS
f
22 þ VIaI22SI22
 
þVfVIðSI21  Sf21ÞaI12
c ¼ 0:5 Vf þ VIaI22
 
d ¼ Vf Sf22  Sf23
 þ VIaI22ðSI22  SI23Þ
8>>>><
>>>>:
Substituting Amij
h i
into Eq. (6), the elastic moduli E11, E22, G12
and G23 of a unidirectional ﬁber composite are derived:
E11 ¼ VfIEfI11 þ VmEm11
E22 ¼ ab
G23 ¼ 0:5 VfIþVma
m
22ð Þ
VfI S
fI
22
SfI
23ð ÞþVfIam22 Sm22Sm23ð Þ
G12 ¼ VfIþVma
m
55ð Þ
VfIG
fI
12
þVmam55Gm12
8>>>><
>>>>:
ð12Þ
where:
a ¼ VfI þ Vmam11
 
VfI þ Vmam22
 
b ¼ VfI þ Vmam11
 
VfIS
fI
22 þ Vmam22Sm22
 
þVfIVm Sm21  SfI21
 
am12
8><
>:
By applying the elastic–viscoelastic correspondence princi-
ple to the ﬁber and matrix materials, the elastic constants
can be replaced by the complex modulus respectively. The
superscripts represent storage modulus and double primes rep-
resent loss modulus.
Eij ¼ E0ij þ jE00ij
gij ¼
E00
ij
E0
ij
8<
: ð13ÞTable 3 Comparison of effective elastic moduli of composites
between RAHS, FEM and IBM (constituents have isotropic
property).
Equivalent property Ea
(GPa)
k
(GPa)
Ga
(GPa)
Gt
(GPa)
RAHS 229.70 134.89 61.39 58.22
FEM 229.70 134.90 61.40 58.27
Present results (a= 0.5,
b= 0.64)
229.65 134.92 61.398 58.30
Table 4 Comparison of effective elastic moduli of composites
between RAHS, DBM and IBM (ﬁber has transversely
isotropic property).
Equivalent property Ea
(GPa)
k
(GPa)
Ga
(GPa)
Gt
(GPa)
DBM 146.36 6.91 2.64 2.68
RAHS 146.29 6.89 2.64 2.73
Present results (a= 0.5,
b= 0.64)
146.34 6.90 2.639 2.7023. Results and discussion
3.1. Numerical examples
By using the improvement of bridging model (IBM), the pre-
diction of dynamic properties of ﬁber reinforced plastic com-
posites (FRP) with interphase is presented here. In order to
verify the bridging model, the comparison with other models
is carried out here. The relations between the engineering con-
stants Ea, Et, ma, mt, Ga and Gt and the elastic moduli k, l, n, m
and p are given by equations:
Ea ¼ n 4km2a; Et ¼ 2ð1þ mtÞm
mt ¼ ðkmn=EaÞðkþmn=EaÞ
Ga ¼ p; Gt ¼ m; ma ¼ l=2k
8><
>: ð14Þ
where the subscripts a, t refer to an axial or transverse direc-
tion, respectively.
Effective elastic moduli of the FRP are calculated for
two kinds of different materials. Their properties of theconstituents are shown in Tables 1 and 2. In Table 1 the con-
stituents of composite are isotropic materials and the ﬁber
reported in Table 2 is transversely isotropic material.
Due to introducing bridging parameters a, b, it is conve-
nient to focus on the effect of different ﬁber arrangements,
cross-section shapes and the conditions of bonding on the
effective properties of FRP. Bridging parameters have been
studied in detail by Huang,17 and he thought that the bridging
parameters a and b could be adjusted according to measured
transverse and in-plane shear moduli of a unidirectional com-
posite, respectively. If no other information is available, the
following recommendations can be considered for these two
parameters: a= 0.3–0.5, b= 0.4–0.65. No matter the ﬁber is
isotropic or transverse isotropic material, the results of the
improvement of bridging model (IBM) agree well with the
results of FEM,8 Recursive Asymptotic Homogenization
Fig. 3 Variation of E11, E22, G12 and G23.
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(DBM)18 in the case of bridging factor a= 0.5 and
b= 0.64, as seen from Tables 3 and 4.
3.2. Impact analysis
A study of the effect of elastic modulus EI and loss factor gI of
interphase on elastic moduli E11, E22, G12, G23 and loss factorsFig. 4 Effect of modulus and loss factor og11, g22, g12, g23 of FRP have been carried out. The values of
bridging factors are a= 0.5, b= 0.64. In order to compare
with the results in Ref.19, the physical properties of the constit-
uents of FRP are taken from Ref.19.
Fig. 3 show variation of elastic moduli as a function of mod-
ulus and loss factor of interphase by using the improved bridg-
ing model (IBM) and it indicates that E11, E22, G12 and G23
Show insensitivity to the coated loss factor gI. Fig. 3(a)f interphase on the loss factors of FRP.
944 W. Qi, X. Xudemonstrates the variation of longitudinal modulus E11 with
respect to coated modulus EI. The IBM model, the
Asymptotic Homogenization Method (AHM) model,19 the
Self-Consistent Scheme (SCS) model19 and the Periodic
Medium Homogenization (PMH) model20 are practically the
same and vary linearly with EI, and the slope is 12.5% for
increasing EI from 4 to 12. Fig. 3(b) shows with the increase
of elastic modulus EI, the value of E22 increases, which
increases rapidly for small value of EI. In the case of
gI = 0.02, the slope of the transverse modulus E22 is 50% for
EI increasing from 4 to 6 and the slope is 12% for EI increasing
from 10 to 12. Fig. 3(b) also shows that PMH results are closer
with the results of IBM. The results of AHMand SCS have sim-
ilar trend with IBM but with lower magnitudes. Fig. 3(c and d)
show a similar trend as for transverse modulus E22 but have dif-
ferent magnitudes. In Fig. 3(d), the results of the four models
are in good agreement with each other.
Fig. 4 illustrate the effect of modulus and loss factor of
interphase on the loss factors of FRP. Those ﬁgures show that
the values of all loss factors increase with the increase of
coated loss factor gI. In Fig. 4(a), the longitudinal loss factor
g11 decreases with the increase of the coated elastic modulus E
I
at lower range of gI, gI < 0.0026. But g11 linearly increases
with EI at higher range of gI, gIP 0.0026. On the contrary,
in Fig. 4(b), with the increase of EI, the value of transverse loss
factor g22 increases at smaller range of gI, but decreases at lar-
ger. The curves show loss factor g22 insensitivity towards the
elastic modulus EI at higher value. Fig. 4(c and d) show a sim-
ilar trend with transverse loss factor g22, but have different
magnitudes.4. Conclusions
A mathematical model has been proposed for the calculation
of dynamic properties of interphase ﬁber reinforced polymer
(FRP). The results of elastic moduli from the present model
have been compared with RAHs, FEM and DBM existing in
other literature. And the results of the improvement of bridg-
ing model (IBM) agree well with the RAHs, FEM and DBM
model in the case of bridging factor a= 0.5 and b= 0.64.
Elastic moduli E11, E22, G12, G23 and loss factors g11, g22,
g12, g23 of FRP are calculated and a study of the effect of elas-
tic modulus EI and loss factor gI of interphase on dynamic
properties in FRP is carried out here.
Elastic moduli
(a) The elastic moduli for different directions have shown
insensitivity to loss factor gI.
(b) Longitudinal elastic modulus E11 linearly increases with
EI, but the growth rate is low.
(c) Transverse normal E22, transverse shear G12 and longi-
tudinal shear G23 increase rapidly for lower value of
EI. For transverse packing factor b= 0.60, results of
transverse modulus E22 are the same as PMH results
and transverse shear modulus G23 is the same as the
results of the PMH, AHM and SCS models.
Loss factors
(a) The loss factors of overall FRP increase with the
increase of the coated loss factor gI.(b) The longitudinal loss factor g11 decreases with the
increase of the coated elastic modulus EI at smaller value
of gI, gI < 0.0026. But g11 increase linearly with E
I at
larger range of gI, gIP 0.0026.
(c) Transverse normal, transverse shear and longitudinal
shear loss factors increase with the increase of EI at
smaller value of gI, but decreases at larger. They also
show insensitivity towards the elastic modulus of inter-
phase at larger value.
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